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2-4 ɤɭɪɫ       ɡаɞаɱа 1 

Вɵɱɢɫɥɢɬɶ ɢɧɬɟɝɪɚɥ  dxx)(lnsin
2

.  

 

Ɋɟɲɟɧɢɟ. ɋɞɟɥɚɟɦ ɡɚɦɟɧɭ tx ln .  Ɍɨɝɞɚ t
ex  , dtedx

t .  

 dxx)(lnsin
2

 =  dtet
t

)(sin
2 .  ɉɨ ɮɨɪɦɭɥɟ ɩɨɧɢɠɟɧɢɹ ɫɬɟɩɟɧɢ,  

 dtte
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sin  =  

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 

dte
t t

2

2cos1
 =    dtet

t
2cos1
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1
  =   tdtedte

tt
2cos
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1-ɣ ɷɥɟɦɟɧɬɚɪɧɵɣ, ɚ ɜɨ 2-ɦ ɰɢɤɥɢɱɟɫɤɢɣ ɢɧɬɟɝɪɚɥ.  
Ɋɚɫɫɦɨɬɪɢɦ  tdteI

t
2cos .  

t
eu   tv 2sin

2

1
  

dtedu
t  tdtdv 2cos  

 tdteI
t

2cos  =  tdtet
e t

t
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2

1
2sin

2
. ɉɪɢɦɟɧɢɜ 2-ɟ ɢɧɬɟɝɪɢɪɨɜɚɧɢɟ ɩɨ ɱɚɫɬɹɦ,  

t
eu 2  tv 2cos

2

1
2   

dtedu
t2  tdtdv 2sin2   




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 2cos2sin2
5

.  

Вɟɪɧёɦɫɹ ɤ ɫɭɦɦɟ ɢɧɬɟɝɪɚɥɨɜ.  

  tdtedte
tt

2cos
2

1

2

1
 =   Ctt

e
e

t
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1

2
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




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10
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5

1

2

1
.   ɉɨɫɥɟ ɨɛɪɚɬɧɨɣ ɡɚɦɟɧɵ:    Cxxx 






  )ln2cos(

10

1
)ln2sin(

5

1

2

1
 =  

Ɉɬвɟɬ.   Cx
x

x
xx
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
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Ɂɞɟɫɶ ɩɪɢɫɭɬɫɬɜɭɟɬ ɢɧɬɟɝɪɚɥɶɧɚɹ ɫɭɦɦɚ ɮɭɧɤɰɢɢ 2019
x  ɧɚ ɨɬɪɟɡɤɟ Д0,1], ɝɞɟ ɡɧɚɱɟɧɢɹ ɮɭɧɤɰɢɢ 

ɪɚɫɫɦɚɬɪɢɜɚɸɬɫɹ ɪɨɜɧɨ ɜ ɫɟɪɟɞɢɧɚɯ ɢɧɬɟɪɜɚɥɨɜ   

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
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В ɩɪɟɞɟɥɟ ɷɬɚ ɢɧɬɟɝɪɚɥɶɧɚɹ ɫɭɦɦɚ ɫɯɨɞɢɬɫɹ ɤ ɢɧɬɟɝɪɚɥɭ 
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ɇɚɣɬɢ ɨɛɳɟɟ ɪɟɲɟɧɢɟ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɝɨ ɭɪɚɜɧɟɧɢɹ:  yxxyyxyxy  22
266  

 

 

Ɋɟɲɟɧɢɟ. Ɇɨɠɧɨ ɡɚɦɟɬɢɬɶ, ɱɬɨ ɩɪɚɜɚɹ ɱɚɫɬɶ - ɷɬɨ ɩɪɨɢɡɜɨɞɧɚɹ ɨɬ yx
2

:  

yxxyyx  22
2)(  

ɂɫɫɥɟɞɭɟɦ ɫɥɟɞɭɸɳɢɟ ɩɪɨɢɡɜɨɞɧɵɟ ɨɬ yx
2

: 

)2()(
22  yxxyyx  = yxyxyxy  2

222  = yxyxy  2
42 . Ɍɨɝɞɚ 3-ɹ ɩɪɨɢɡɜɨɞɧɚɹ: 

)(
2 yx )42(

2  yxyxy  = yxyxyxyy  2
2442  = yxyxy  2

66 , ɱɬɨ ɤɚɤ ɪɚɡ ɢ ɪɚɜɧɨ 
ɥɟɜɨɣ ɱɚɫɬɢ.  
ɂɬɚɤ, ɭɪɚɜɧɟɧɢɟ ɫɜɨɞɢɬɫɹ ɤ )()(

22  yxyx .   Ɉɛɨɡɧɚɱɢɦ yxf
2 .  

ɍɪɚɜɧɟɧɢɟ ɢɦɟɟɬ ɜɢɞ 0 ff . Эɬɨ ɥɢɧɟɣɧɨɟ ɨɞɧɨɪɨɞɧɨɟ ɭɪɚɜɧɟɧɢɟ.  
Хɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɨɟ: 0

3  rr . 0)1(
2 rr , ɤɨɪɧɢ 0, 1, 1 .  

Ɉɛɳɟɟ ɪɟɲɟɧɢɟ xx
eCeCCf
 321 , ɬɨ ɟɫɬɶ xx

eCeCCyx
 321

2 , ɬɨɝɞɚ  

)(
1

3212

xx
eCeCC

x
y

 .    Ɉɬвɟɬ. )(
1

3212

xx
eCeCC

x
y

 .   
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ɇɚɣɬɢ ɫɭɦɦɭ ɮɭɧɤɰɢɨɧɚɥɶɧɨɝɨ ɪɹɞɚ 
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Ɋɟɲɟɧɢɟ. Ɂɚɦɟɬɢɦ, ɱɬɨ 
2

)1(1
n

 = 1 ɩɪɢ ɱёɬɧɨɦ n , ɢ 0 ɩɪɢ ɧɟɱёɬɧɨɦ.  

 Ɂɚɩɢɲɟɦ ɩɨɞɪɨɛɧɟɟ:  






 




0

41

0 )!41(

2
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)1(1

n

n

n

nn

n

x

n

x
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















 ...

!9!5
2...

!4!2
1
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xx

x
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.  

Ɂɚɦɟɬɢɦ, ɱɬɨ ɩɪɢ ɜɵɱɢɫɥɟɧɢɢ 2-ɣ ɩɪɨɢɡɜɨɞɧɨɣ, ɜ ɩɟɪɜɨɣ ɫɤɨɛɤɟ ɩɨɥɭɱɢɬɫɹ ɬɨɱɧɨ ɬɚɤɚɹ ɠɟ ɫɭɦɦɚ, 
ɤɚɤ ɢ ɛɵɥɚ, ɚ ɜɨ 2-ɣ ɜɦɟɫɬɨ ɫɬɟɩɟɧɟɣ 1,5,9,... ɛɭɞɭɬ ɞɪɭɝɢɟ ɧɟɱёɬɧɵɟ ɫɬɟɩɟɧɢ, ɤɨɬɨɪɵɯ ɧɟ ɛɵɥɨ 
ɪɚɧɟɟ, ɚ ɢɦɟɧɧɨ 3,7,...     


















 ...

!7!3
02...

!4!2
10)(

7342
xxxx

xy .  

ɋɭɦɦɚ ɢɫɯɨɞɧɨɣ ɮɭɧɤɰɢɢ ɢ ɟё 2 ɩɪɨɢɡɜɨɞɧɨɣ ɫɨɞɟɪɠɢɬ ɜɫɟ ɫɬɟɩɟɧɢ, Nn :  


















 ...

!9!7!5!3
2...

!4!2
12

975342
xxxx

x
xx

yy  = 


0 !
2

n

n

n

x
 = 

x
e2 .  

x
eyy 2  - ɥɢɧɟɣɧɨɟ ɧɟɨɞɧɨɪɨɞɧɨɟ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɨɟ ɭɪɚɜɧɟɧɢɟ.  

Хɚɪɚɤɬɤɪɢɫɬɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ 01
2 r , ɤɨɪɧɢ i ,ɨɛɳɟɟ ɪɟɲɟɧɢɟ ɫɨɨɬɜɟɬɫɬɜɭɸɳɟɝɨ 

ɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ:  xCxC sincos 21  . ɉɨ ɩɪɚɜɨɣ ɱɚɫɬɢ x
exb 2)(   ɫɬɪɨɢɦ ɱɚɫɬɧɨɟ ɪɟɲɟɧɢɟ 

ɧɟɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ. Чɢɫɥɨ 1 ɧɟ ɩɪɢɧɚɞɥɟɠɢɬ ɦɧɨɠɟɫɬɜɭ ɱɢɫɟɥ  i , ɩɨɷɬɨɦɭ ɱɚɫɬɧɨɟ 
ɪɟɲɟɧɢɟ ɢɳɟɬɫɹ ɜ ɜɢɞɟ x

Aey  . Ɍɨɝɞɚ xxx
eAeAeyy 2 , ɨɬɤɭɞɚ 1A .  

ɂɬɚɤ, ɨɛɳɟɟ ɪɟɲɟɧɢɟ ɧɟɨɞɧɨɪɨɞɧɨɝɨ ɭɪɚɜɧɟɧɢɹ: x
exCxCy  sincos 21 .  

ɇɚɣɞёɦ ɤɨɧɫɬɚɧɬɵ. ɉɨ ɫɬɪɨɟɧɢɸ ɪɹɞɚ ɜɢɞɧɨ, ɱɬɨ 1)0( y , 2)0( y .  

x
exCxCy  sincos 21    11)0( 1 Cy      01 C  

x
exCxCy  cossin 21     21)0( 2  Cy     12 C  

Чɚɫɬɧɨɟ ɪɟɲɟɧɢɟ: x
exy  sin .   

Ɉɬвɟɬ. x
exy  sin . 
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Вɵɱɢɫɥɢɬɶ ɢɧɬɟɝɪɚɥ  
L

dz
zz

1
 ɩɨ ɧɟɨɝɪɚɧɢɱɟɧɧɨɣ ɤɪɢɜɨɣ L   ɜ ɤɨɦɩɥɟɤɫɧɨɣ ɩɥɨɫɤɨɫɬɢ, ɝɞɟ L  - 

ɦɧɨɠɟɫɬɜɨ ɬɨɱɟɤ ɩɚɪɚɛɨɥɵ 2
xy   ɩɪɚɜɟɟ ɬɨɱɤɢ i1 .   

 

Ɋɟɲɟɧɢɟ. 
L

dz
zz

1
 =  


L

idydx
iyxiyx

)(
))((

1
 =  


L

idydx
yx

)(
1

22
 =  




LL

dy
yx

idx
yx

2222

11
.  

ɉɪɢ ɷɬɨɦ 2
xy  , xdxdy 2 ,   ),1( x .   








1

42

1

42

2

xx

xdx
i

xx

dx
 . Вɨ ɜɬɨɪɨɦ ɩɨɞɜɟɞёɦ ɩɨɞ ɡɧɚɤ ɞɢɮɮɟɪɟɧɰɢɚɥɚ. ɉɪɢ ɷɬɨɦ ɩɪɨɢɫɯɨɞɢɬ 

ɡɚɦɟɧɚ 2
xt  , ɢ ),1( t  








1

42

2

1

22

)(

)1( xx

xd
i

xx

dx
 = 







1

2

1

22
)1( tt

dt
i

xx

dx
 . 

Ⱦɚɥɟɟ ɨɛɚ ɢɧɬɟɝɪɚɥɚ ɪɟɲɚɸɬɫɹ ɫ ɩɨɦɨɳɶɸ ɪɚɡɥɨɠɟɧɢɹ ɪɚɰɢɨɧɚɥɶɧɵɯ ɞɪɨɛɟɣ ɜ ɫɭɦɦɭ  
ɩɪɨɫɬɟɣɲɢɯ.  

2222
1)1(

1

x

DCx

x

B

x

A

xx 





 = 
)1(

)()1()1(
22

222

xx

xDCxxBxAx




,  

ɋɪɚɜɧɢɜɚɹ ɱɢɫɥɢɬɟɥɢ, ɩɨɥɭɱɚɟɦ 1
2323  DxCxBxBAxAx  

1000)()(
2323  xxxBAxxDBxCA ,  ɨɬɤɭɞɚ ɩɨɥɭɱɚɟɦ 4 ɪɚɜɟɧɫɬɜɚ:  

0CA ,   0 DB ,    0A ,   1B  

Ɍɨɝɞɚ 0A ,   1B , 0C , 1D .  
















1

22

1

22
1

11

)1(
dx

xxxx

dx
 = 





1

1

1
arctgx

x
 = 






 

42
1


 = 

4
1


 .  

Вɨ ɜɬɨɪɨɦ ɢɧɬɟɝɪɚɥɟ (ɦɧɢɦɚɹ ɱɚɫɬɶ):  

t

B

t

A

tttt 





 1)1(

11
2

 = 
)1(

)1(

tt

BttA




, 10)(  tAtBA    1A , 1B .  

 
 





1 11

2 1

11
dt

t
dt

ttt

dt
 =  




1

1
ln

t

t
 = 

2

1
ln1ln   = 2ln0  .  

Ɉɬвɟɬ. 2ln
4

1 





  i


.  

 

 



 12 

Ɉɥɢɦɩɢаɞа ɩɨ ɦаɬɟɦаɬɢɤɟ     ɌɍɋɍɊ, 2019 

2-4 ɤɭɪɫ       ɡаɞаɱа 6 
Ɍɪɢ ɬɨɱɤɢ ɫɥɭɱɚɣɧɵɦ ɨɛɪɚɡɨɦ ɛɪɨɲɟɧɵ ɧɚ ɨɬɪɟɡɨɤ [0,1]. ɇɚɣɬɢ ɜɟɪɨɹɬɧɨɫɬɶ ɬɨɝɨ, ɱɬɨ 

ɩɪɨɢɡɜɟɞɟɧɢɟ ɢɯ ɚɛɫɰɢɫɫ ɛɨɥɶɲɟ, ɱɟɦ 
2

1
 .  

 

Ɋɟɲɟɧɢɟ.  
Ɉɬɥɨɠɢɦ 3 ɫɥɭɱɚɣɧɵɯ ɡɧɚɱɟɧɢɹ ɩɨ 3 ɨɫɹɦ ɤɨɨɪɞɢɧɚɬ. Ⱦɚɧɨ: 

2

1
xyz . ɇɭɠɧɨ ɧɚɣɬɢ ɨɬɧɨɲɟɧɢɟ ɨɛɴёɦɚ ɬɟɥɚ, ɞɥɹ ɬɨɱɟɤ ɤɨɬɨɪɨɝɨ 

ɜɵɩɨɥɧɹɟɬɫɹ  
2

1
xyz , ɤ ɨɛɴёɦɭ ɟɞɢɧɢɱɧɨɝɨ ɤɭɛɚ. Вɫɟ ɢɫɤɨɦɵɟ 

ɬɨɱɤɢ ɥɟɠɚɬ ɜɵɲɟ ɩɨɜɟɪɯɧɨɫɬɢ 
xy

z
2

1
  .  

 

 

ɇɚ ɜɟɪɯɧɟɣ ɝɪɚɧɢ ɜɵɩɨɥɧɟɧɨ  1
2

1


xy
z    

x
y

2

1
 ,  ɷɬɨ ɨɩɪɟɞɟɥɹɟɬ ɝɪɚɧɢɰɭ ɩɪɨɟɤɰɢɢ ɬɟɥɚ ɧɚ 

ɝɨɪɢɡɨɧɬɚɥɶɧɭɸ ɩɥɨɫɤɨɫɬɶ, ɬ.ɟ. ɝɪɚɧɢɰɵ ɞɥɹ ɞɜɨɣɧɨɝɨ ɢɧɬɟɝɪɚɥɚ ɩɨ yx, .  

  









1

2
1

1

2
1

2

1
1

x

dy
xy

dxV  =  














1

2
1

1

2
1

1

2
1 ln

2

1
dxy

x
y

x
x

 = 
















 


1

2
1

2

2

1
ln0

2

1
1 dx

x

x

x
 =  






 

1

2
1

2

2ln

2

1
1 dx

x

x

x
 

=  





 

1

2
1

2

ln

2

2ln

2

1
1 dx

x

x

xx
 =   






 




1

2
1

ln

2

1

2

2ln1
1 dx

x

x

x
 =  




1

2
1

1

2
1

1

2
1

)(lnln
2
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2

2ln1
xxddx

x
dx  =  

1

2
1

2
1

2
1

2

ln

2

1
ln

2

2ln1

2

1 x
x 


  = 

2

2

1
ln0

2

1

2

1
ln0

2

2ln1

2

1

2 













 


  =   












2

1
ln

4

1
2ln

2

2ln1

2

1 2
 = 

4

2ln

2

2ln
2ln

2

1

2

1
22

  = 
4

2ln

2

2ln

2

1
2

  .  

Ɉɬвɟɬ. 
4

2ln

2

2ln

2

1
2

  .   
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